This paper deals with new infinite families of small dense sets in desarguesian projective planes P G(2, q). A general construction of dense sets of size about 3q 2/3 is presented. Better results are obtained for specific values of q. In several cases, an improvement on the best known upper bound on the size of the smallest dense set in P G(2, q) is obtained.
Introduction
A dense set K in P G(2, q), the projective plane coordinatized over the finite field with q elements F q , is a point-set whose secants cover P G (2, q) , that is, any point of P G(2, q) belongs to a line joining two distinct points of K. As well as being a natural geometrical problem, the construction of small dense sets in P G(2, q) is relevant in other areas of Combinatorics, as dense sets are related to covering codes, see Section 4, and defining sets of block designs, see [2] ; also, it has been recently pointed out in [13] that small dense sets are connected to the degree/diameter problem in Graph Theory [17] .
A straightforward counting argument shows that a trivial lower bound for the size k of a dense set in P G(2, q) is k ≥ √ 2q, see e.g. [19] . On the other hand, for q square there is a nice example of a dense set of size 3 √ q, namely the union of three non-concurrent lines of a subplane of P G(2, q) of order √ q. If q is not a square, however, the trivial lower bound is far away from the size of the known examples. The existence of dense sets of size 5 √ qlogq was shown by means of probabilistic methods, see [2, 14] . The smallest dense sets explicitly constructed so far have size approximately cq 3 4 , with c a constant independent on q, see [1, 9, 18] ; for a survey see [2, Sections 3, 4] . A construction by Davydov andÖstergård [6, Thm. 3] provides dense sets of size 2q/p + p, where p is the characteristic of F q ; note that in the special case where q = p 3 , p ≥ 17, the size of these dense sets is less than q 3 4 . The main result of the present paper is a general explicit construction of dense sets in P G(2, q) of size about 3q 2 3 , see Theorem 3.2. For large non-square q, q = p 3 , these are the smallest explicitly constructed dense sets, whereas for q = p 3 the size is the same as that of the example by Davydov andÖstergård.
Using the same technique, smaller dense sets are provided for specific values of q, see Theorem 3.7 and Corollary 3.8; in some cases they even provide an improvement on the probabilistic bound, see Table 1 .
Our constructions are essentially algebraic, and use linearized polynomials over the finite field F q . For properties of linearized polynomials see [15, Chapter 3] . In the affine line AG(1, q), take a subset A whose points are coordinatized by an additive subgroup H of F q . Then H consists of the roots of a linearized polynomial L H (X). Let D 1 be the union of two copies of A, embedded in two parallel lines in AG(2, q), namely the lines with equation Y = 0 and Y = 1. The condition for a point P = (u, v) in AG(2, q) to belong to some secant of D 1 is that the equation
has at least one solution in F q 2 . This certainly occurs when the equation
This leads to the purely algebraic problem of determining the values of v for which (1) holds. A complete solution is given in Section 2, see Proposition 2.5, by showing that this occurs if and only if −v belongs to the set F q \ M H , with
Here, H 1 and H 2 range over all subgroups of
This shows that the points which are not covered by the secants of D 1 are the points P = (u, v) with −v ∈ M H . The final step of our construction consists in adding a possibly small number of points Q 1 , . . . , Q t to D 1 to obtain a dense set. For the general case, this is done by just ensuring that the secants Q i Q j cover all points uncovered by the secants of D 1 . For special cases, the above construction can give better results when more than two copies of A are used.
It should be noted that sometimes in the literature dense sets are referred to as 1-saturating sets as well.
2 On the number of solutions of certain equations over F q Let q = p with p prime, and let H be an additive subgroup of F q of size p s with 2s ≤ . Also, let
Then L H is a linearized polynomial, that is, there exist β 0 , . . . ,
As the evaluation map (x, y) → F m (x, y) is an additive map from F Let F p denote the prime subfield of F q .
As the equation X − mY − h = 0 has q solutions in F 2 q , the claim follows.
Proof. The assertion is trivial for α = 0. For α = 0, the claim follows from
For any subgroup H of H of size p s−1 , pick an element β ∈ H \ H and let
Note that a H does not depend on β. In fact, and then, by Lemma 2.2,
Also, if a H 1 = a H 2 holds for two subgroups H 1 and H 2 of H, then by (6) it follows that
Note that for any λ ∈ F p ,
As H 1 = H 2 is allowed in (7), we also have that
Lemma 2.3. For any m ∈ M H , the equation F m (X, Y ) = 0 has at least pq solutions.
. We claim that
In order to prove (10), note first that by Lemma 2.2
Then, Equation (6) for
As a H 1 α = α p a H 2 and m = α p , Equation (6) for H = H 2 implies (10). Now, the set of solutions of L H 1 (X) − αL H 2 (Y ) = 0 has size at least q, as it is the nucleus of an F p -linear map from F 2 q to F q . As the solutions of 
As a H 1 /a H 2 only depends on H 1 and H 2 , the claim follows. Now, the number of additive subgroups of H of size
We are now in a position to prove the main result of the section. 
with β i ∈ H \H i . Note that Φ is well defined: for any
(see (5)). For any µ ∈ M H , the size of Φ −1 (µF * p ) is related to ν µ . More precisely,
In order to prove (11) , write the unique factorization of F µ as follows:
Note that the multiplicity of each factor is 1. In fact, all the roots of L H (X) are simple, whence both the partial derivatives of F µ are non-zero constants. Assume that
, and note that, by Equation (10), Assume without loss of generality that P 1 (0, 0) = 0, so that
We consider two actions of the group H on the set of irreducible factors of
Assume that the stabilizer S 1 of P 1 (X, Y ) with respect to the action σ 1 has order p t . Then the X-degree of P 1 (X, Y ) is at least p t . Note also that the orbit of P 1 (X, Y ) with respect to σ 1 consists of p s−t factors, each of which has X-degree not smaller than p t . As the X-degree of F µ is p s , we have that r = p s−t , and that the X-degree of P 1 (X, Y ) is precisely p t . Taking into account that S 1 stabilizes P 1 (X, Y ), we have that for any h ∈ S 1 the polynomial X + h divides P 1 (X, Y ) − P 1 (0, Y ), whence
for some polynomial Q. Now, let S 2 be the stabilizer of P 1 (X, Y ) under the action σ 2 , and let p t be the order of S 2 . The above argument yields that r = p s−t , and therefore t = t . Also,
for some polynomialQ. As the degrees of
are all equal to p t , Equation (12) together with (13) imply that
for some γ , γ ∈ F q . Therefore, ν µ ≥ qr = qp s−t .
As
, and as H 1 is the stabilizer of the set of factors of L H 1 (X) − αL H 2 (Y ) with respect to the action σ 1 , the group S 1 is a subgroup of H 1 . The number of possibilities for subgroups H 1 is then less than or equal to the number of subgroups of H of size p s−1 containing S 1 , which is
. Also, for a fixed H 1 , there is at most one possibility for H 2 ; in fact, Φ(H 1 , H 2 ) = Φ(H 1 , H 2 ) yields a H 2 = a H 2 , which has already been noticed to imply H 2 = H 2 . Then
and therefore (11) is fulfilled. Now, let M be the size of M H \ F p . By counting the number of pairs (x, y) ∈ F 2 q such that L H (x) = 0 and L H (y) = 0, we obtain
Then, taking into account Lemma 2.1,
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Note that if equality holds in (14) , then the proposition is proved. Straightforward computation yields that (14) is equivalent to
On the other hand, taking into account (11), we obtain that
Therefore equality must hold in (14) , and the claim is proved.
Dense sets in P G(2, q)
Let q = p . For an additive subgroup H of F q of size p s with 2s ≤ , let L H (X) be as in (3), and M H be as in (7). For an element α ∈ F q , define
As a corollary to Proposition 2.5, the following result is obtained.
Proposition 3.1. Let α 1 , α 2 be distinct elements in F q . Then a point P = (u : v : 1) belongs to a line joining two points of
Proof. Assume that v / ∈ (α 2 − α 1 )M H + α 2 and that v = α 2 . Then by Proposition 2.5, the equation
has precisely q solutions, or, equivalently, the additive map
is surjective. This yields that there exists b, b ∈ F q such that
which is precisely the condition for the point P = (u : v : 1) to belong to the line joining 
. Note that when s = 1, then M H coincides with F * p , and then the size of D is 2 q p + p. A dense set of the same size and contained in three non-concurrent lines was constructed in [6, Thm. 3] . It can be proved by straightforward computation that it is not projectively equivalent to any dense set D constructed here.
In order to obtain a new upper bound on the size of the smallest dense set in P G(2, q), a generalization of Theorem 3.2 is useful. Let A = {α 1 , . . . , α k } be any subset of k elements of F q , and let
Arguing as in the proof of Theorem 3.2, the following result can be easily obtained from Proposition 3.1. Computing the size of D(H, A) is difficult in the general case, as we do not have enough information on the set M(A). However, by using some counting argument it is possible to prove the existence of sets A for which a useful upper bound on the size of M(A) can be established. 
In order to prove Proposition 3.4, the following two lemmas are needed.
Lemma 3.5. Let E 1 and E 2 be any two subsets of F * q . Then there exists some α ∈ F * q such that
Proof. For any β ∈ F * q , let E (β) be the subset of F * q consisting of those α for which β ∈ αE 2 . Then
Note that the size of E (β) does not depend on β, since
. Therefore, (17) yields that #E (β) = #E 2 for any β ∈ F * q . Then
whence the claim follows.
Lemma 3.6. Let E be a subset of F * q , and let v be an integer greater than 1. Then there exist α 1 = 1, α 2 , . . . , α v ∈ F * q such that
Proof. We prove the assertion by induction on v. For v = 2 the claim is just Lemma 3.5 for E 1 = E 2 = E. Assume that the assertion holds for any v ≤ v. Then there exist
Lemma 3.5 for E 1 = ∩ i:=1,...,v−1 α i E, E 2 = E, yields the assertion. Let A = {0, α 1 , . . . , α n }, and let M(A) be as in (16) . As
M(A) ⊆
i:=1,...,v −α i M H , the claim follows. 2 As a straightforward corollary to Theorems 3.3 and 3.2, and Proposition 3.4, the following result is then obtained.
Theorem 3.7. Let q = p , with odd. Let H be any additive subgroup of F q of size p s , with 2s + 1 = . Let L H (X) be as in (3), and M H be as in (7) . Then for any integer v ≥ 1 there exists a dense set D in P G(2, q) such that
Corollary 3.8. Let q = p 2s+1 . Then there exists a dense set in P G(2, q) of size less than or equal to min v=1,...,2s+1
Proof. The claim follows from Theorem 3.7, together with Lemma 2.4.
For several values of s and p, Corollary 3.8 improves the probabilistic bound on the size of the smallest dense set in P G(2, q), namely, there exists some integer v such that
see Table 1 .
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